A reconstruction of modified gravity is proposed by establishing a correspondence between the effective density of the modified gravity and the holographic density. The non-homogeneous term in the modified Friedmann equation, generated by the vacuum (holographic) energy density, lead to reconstructed models that contain explicitly, as part of the solution, the Einstein-Hilbert term.
gravity known as f(R) gravity (see [5, 6, 7, 8, 9 , 10] for reviews). In these models the large-distance behavior of gravity emerges from the modification of geometrical terms in the gravitational action. Modified gravity gives a natural unification of the early time inflation and late-time acceleration due to different role of gravitational terms relevant at small and at large curvature and may naturally describe the transition from deceleration to acceleration in the cosmological dynamics. The f (R) theories have been intensively studied to explain the late time accelerated expansion and many types of modifications to the Einstein-Hilbert (EH) action have been proposed so far [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] .
Particularly, in [25] a general scheme for reconstructing from viable FRW cosmologies was proposed, where the obtained modified gravity models were consistent with solar system tests and describe different cosmological phases going from matter dominance to current accelerated expansion consistent with observations. In [26] , a general cosmological reconstruction method in terms of the e-folding variable was developed and reconstruction of modified gravity with an extra scalar field was considered. This method allows to reproduce viable f (R) gravities that pass local tests and unify early-time inflation with late-time acceleration. In [27] a new way of reconstructing f (R) is proposed, by imposing dynamical restrictions on the cosmic parameters like scale factor, Hubble parameter, decelerating parameter and higher order parameters.
In [28] , it was shown that the only f (R) model that allows an exact ΛCDM expansion is the standard EH Lagrangian with a positive cosmological constant, and for more general functions of R, the only way to reproduce ΛCDM is by using additional degrees of freedom added to the matter sector. In [33] , the extension of reconstructing scheme is applied to scalar-tensor, Gauss-Bonnet modified gravity and scalar-GaussBonnet gravity, showing that the phases of mater dominance followed by the dark energy dominance may emerge also from these theories. The f (R) theories may also be relevant to early-time inflation at large R, due to its non-linear character [34] . The unified description of early time inflation and late time accelerated expansion were also considered in [35, 36, 37, 38, 39] . In [35] positive powers of curvature have been introduced to account for the inflationary epoch and negative powers of curvature to explain late time acceleration. A model behaving as a positive power of the curvature at large curvature has been proposed in [37] , in order to unify inflation with late-time ΛCDM epoch. In [38] , a step-class models of modified gravity have been considered, showing that the early inflation and late time accelerated expansion arise in these models in a unified way. Any realistic model of modified gravity should pass not only the local tests where the average density of matter is high compared with that of the universe, but also the observational cosmological restrictions. To pass solar system tests the model has to implement the so called chameleon mechanism [32, 40, 41] which gives a large enough mass to the scalar field to avoid measurable corrections to the local gravity phenomena which is well described by the general relativity. Models that can satisfy both cosmological and local gravity constraints have been proposed in [32, 42, 43, 44, 45, 46] . Exact solutions explaining the current accelerated expansion are presented in [47, 48, 49, 50, 51, 52] .
Unfortunately the complexity of the fourth-order field equations of the f (R) theories make them difficult to integrate and to find analytical (and numerical) solutions, which additionaly, should obey a number of restrictions and be consistent with observations [53, 54] . However an interesting approach to solve this problem is to use the technique of reconstruction where one assumes a given cosmological expansion law and use the inverse method in the field equations to find the f (R) function or class of functions that give rise to the proposed solution. One important issue in this method is the condition that the scalar curvature R should be analytically invertible (with respect to the main variable of the proposed solution), allowing to express the the main evolutionary magnitudes like H andḢ in terms of R, turning at the end the equation of motion into a differential equation in the R space. This reconstruction scheme has severe limitations because the proposed solutions should be simple enough to permit the inverse integration of the equations to obtain the analytic expression for f (R). Besides that, the reconstructed model is usually very constrained and is difficult to obtain, starting from the reconstructed Lagrangians which are often given by a very complicated expressions, other solutions different form the one used to its reconstruction. A typical and relevant example is the power-law solution in the FRW background, since these solutions represent important asymptotical states in the cosmological evolution, when the matter content is dominated by a certain type of matter (radiation, cold dark matter, dark energy, etc.). These solutions allow the integration in the R space, giving f (R) ∝ R n [55] , which is quite strong constraint.
On the other hand, the dark energy that is well described by the cosmological constant, which in the frame of the quantum field theory (QFT) is the vacuum energy, faces the known problem of the fine tuning. The vacuum energy is described within the framework of the QFT in Minkowski background. At cosmological scales, when the effect of gravity is relevant, the above description of vacuum energy fails and is very likely that the correct value of the vacuum energy would be predicted by a fundamental theory of quantum gravity (QG). While the lack of QG theory keeps us away from the definite solution of the vacuum energy problem, the holographic principle [56, 57] , which incorporates some features of QG, represents an interesting approach to the dark energy (cosmological constant) problem, where this principle establishes an infrared cut-off for the so called holographic energy density related with cosmological scales [58, 59, 60, 61] . Viewing the modified f(R) gravity models as an effective description of the underlying theory of dark energy, it is interesting to study how the f(R) gravity can be mapped to the holographic energy density as an effective theory.
In the present paper we study the correspondence between the effective energy density of the f (R) gravity and the holographic energy density as proposed in [61] and its implications in cosmological scenarios with accelerated expansion. An important result is that the Einstein-Hilbert term appears naturally in all the reconstructed f (R) models, due to the source term given by the holographic density. This paper is organized as follows. In section II we present the equations of motion in general and in the FRW background and introduce the reconstruction method. In section III we apply the reconstruction technique to some cosmological solutions. In section IV we present a discussion.
Field Equations and reconstruction scheme
The action for the f (R)-gravity with the source of matter id given by
where κ 2 = 8πG and L m is the Lagrangian density for the matter component, which can represent the usual usual baryonic matter, dark matter as well as more exotic type of matter that we will associate with the vacuum energy provided by the holographic principle. Variation with respect to the metric gives the following equation of motion
where
µν is the matter energy-momentum tensor, T 
where T is the trace of the energy-momentum tensor. Assuming the flat FRW background, the time and spatial components of the Eq. (2.2) take the form
where ρ m and p m are the density and pressure due to the matter content. All curvature dependent terms in the l.h.s. of both equations give the generalization to the EH model, and these equations reduce to the known cosmological equations of general relativity by setting f (R) = R. One can also separate the time and spatial components of the Einstein's tensor from equations (2.4) and (2.5) respectively to write the equations in the standard form, where the additional f (R)-dependent terms can be interpreted as effective density and pressure. In this case the equations (2.4) and (2.5) take the form
with the effective "curvature" density given by
with the effective "curvature" pressure given by
.
The equation (2.3) has also an interesting interpretation if one introduces the so called "scalaron" field f (R). By writing the trace equation (2.3) in the form
We may interpret the model (2.1) in the Einstein frame (which is specially useful to study the inflation) by performing a conformal transformation of the metric with the function f (R) [62] 
the action takes the form
with the potential
in which the new scalar field "scalaron" couples minimally to the scalar curvature but becomes coupled to the matter sector.
Let us turn to the matter content of the model in the FRW background. To the energymomentum tensor the main contribution is given by the matter content (including baryonic and dark matter) and the vacuum energy, but for the late-time cosmological scenarios we will consider that the dominant contribution is given by the vacuum energy described by the holographic density [61, 63] , given by
which behaves a a perfect fluid and obeys the conservation equatioṅ
This model can be reproduced from the generalized HDE model introduced in [64] , 
The reconstruction technique assumes that the expansion history of the universe is known, and by this solution we re-express the coefficients of the equation (2.4) in terms of the scalar curvature, which turns the modified Friedmann equation into a differential equation in the R-space. The explicit reconstruction is possible only in the case when the expression for Ricci scalar R can be solved algebraically with respect to one of the variables, t, a, ln a, etc. Thus, for instance, if the time variable can be expressed as t = g(R), which allows to write functions like a(t), H(t),Ḣ in terms of R. The method is interesting whenever one can reconstruct f (R) for relevant and viable cosmological solutions.
Starting from the modified Friedmann equation (2.15) and by known evolutionary history of the universe, we try to reconstruct the f (R) model assuming that the vacuum energy is dominant and is described by the holographic principle. Following the lines of reconstruction as proposed in [26, 27, 28] , and using the e-folding variable x = ln a, we can write the Ricci scalar as (using
and the Eq. (2.15) takes the form
If a cosmological solution is given as a function of x and one can write the Hubble parameter as 18) then the scalar curvature takes the form
In the cases when this equation can be solved with respect to x as x = x(R), which allows to write the function Φ(x) as Φ(x(R)) ≡ Φ(R) and the derivative with respect 20) at the end one can write the modified Friedmann equation (2.18) as follows
which in compact form can be written as
with coefficients C 1 , C 2 and free term C
which is a non-homogeneous second order differential equation in the R-space. Note that the non-homogeneous term comes from the vacuum energy, which in the present case is described by the holographic density. So the success of the reconstruction depends how adequate the coefficients C 1 and C 2 are to be able to integrate the equation (2.22). The coefficients C 1 and C 2 should correspond to a viable and consistent with observations expansion history. The above reconstruction procedure can also be performed with respect to any other variable, y for instance, which could represent the time t, slow-roll x = ln a, scale factor a, etc.. In these cases one should be able to solve explicitly the y-variable in terms of the curvature, and them write and βR. Thus, in the solutions considered bellow, the Ricci limit can be obtained by setting α = 2β.
Reconstructing models
Power-law expansion
As a first case we consider the power-law expansion described as follows
which gives the known solution
It is easy to check that for this solution one finds
which gives for C 1 , C 2 and C:
Substituting these coefficients in the equation (2.22) , one finds the following general solution
where The phantom power-law expansion is described by
From x = ln a follows that
for the coefficients C 1 , C 2 and C it is obtained
these coefficients can be obtained from (3.8) by changing p → −p, and so the general solution of the equation (2.22) is
with
where p ≥ 5 + 2 √ 6. Similar solution, without the linear term, can be obtained for power-law expansion without introducing matter term [26] . The EH limit is satisfied by setting p = β/(1 − α). In this case, the condition (p > 0, p 1 > 0, p 2 > 0) reduces to β < 0 and α > 1−2β or β > 0 and α < 1−2β and the condition (p > 0, p 1 < 0, p 2 > 0) reduces to β < 0 and 1 < α < 1 − 2β or β > 0 and 1 − 2β < α < 1.
Little Rip
As the second case we consider the following expansion law, where Λ is a positive constant
The effective equation of state (EoS) derived from this expansion law is given by (t − t 0 ), but remains finite at finite time, then it describes a Little Rip solution. This time dependence for H was also considered in [26] , where the reconstructed f (R) was expressed trough the Kummers series. From (2.18) and (2.19) it follows that 13) leading to the coefficients 
By replacing this solution in (2.22), the following relations are found
where the constant α 2 is arbitrary. By setting α 1 = 1 (to get the EH term), one can fix α 0 and α 2 in terms of h 0 , α and β
This model contains the Starobinsky R 2 term (for α > 1) which gives a singularityfree cosmology, and the inflation based on this model remains in good agreement with the current measurements of the cosmic microwave background.
ΛCDM-type
For the following case we consider the solution 
leading to the following coefficients There is another possible polynomial solution if we fix the parameter λ. One can propose the solution 
the cosmological history that originates this model corresponds to the solution
which describes phantom expansion according to (3.18 ).
Chaplygin gas
Among the different models proposed to describe the observed accelerated expansion of the universe, the Chaplygin gas [66] has attracted much attention as it interpolates between the dust-matter dominated phase at early times and an universe dominated by the cosmological constant at late times, giving a unified description of dark matter and dark energy with an equation of state in the range −1 ≤ w ≤ 0. The Chaplygin gas solution can be written as
where A and B are positive constants. To find an f (R) model that reproduces the Chaplygin gas cosmology (3.25) , we first introduce the new variable y as follows
Then,
Next, we writhe the modified Friedmann equation (2.18) in terms of y and using
using (3.26)-(3.27) we finally arrive at the following non-homogeneous differential equation in the y-space
It is not possible to find a general analytical solution to this equation, but there are particular cases and an approximation that could be acceptable for late time universe.
For the simple case of A = 0 corresponding to usual dark matter dominance with ρ ∝ a −3 , the Eq. (3.29) reduces to
which gives the particular solution
then. according to (3.26) and (3.26) gives
which (normalizing the coefficient of R to 1) is the typical result of power-law expansion for the EH Lagrangian with pressureless dark matter content. In the other extreme case, when B = 0 or equivalently in the far future at t → ∞, one has y → √ A = const., and all terms containing dy/dx in (3.28) disappear, leaving us with y df dy + f (y) = 6αy (3.33) and for this equation one can write the general solution as
where c is the integration constant and in the last equality we used y = √ A and R = 12 √ A as follows from Eqs. 
The particular solution to this equation can be found as
On the other hand, solving (3.27) with respect to y and replacing in (3.37), leads to
This solution was achieved at the expense of the above relation between α and β. 
is the viable model that supports the conditions f ,R > 0 and f ,RR > 0. From these conditions follows that R > R 0 , where
which is comparable with the
In fact the solution (3.38) suggests the model
Assuming for instance, λ 3 = 1, λ 1 > 0 and Λ 1 = Λ 2 = Λ > 0, the models obtained for the four possible combinations of signs, satisfy the conditions f ,R > 0 and f ,RR > 0.
The following are the conditions for each case:
(++):
(−−):
(+−):
, under the appropriate restrictions on λ 1 , λ 2 and Λ all the above models satisfy the restrictions for absence of ghosts and tachyonic degrees of freedom.
Discussion
The late-time cosmological evolution of the universe presents unsolved challenges, which could demand approaches that seems consistent, at least at cosmological scales, where the asymptotical behavior of some gravity theories could contain a clue to the nature of the dark energy. In absence of a consistent theory of quantum gravity, the introduction of the holographic dark energy (which sets an infrared cutoff), can also be considered as the IR limit of the modified gravity, which is not inconsistent since the modified gravity is tested at local scales, while the HDE acts at cosmological scales. So, concerning the dark energy problem, and despite the fact that the f (R) theories are sufficiently general and rich in solutions, connecting its large scale behavior with the HDE could render interesting results. Nevertheless, the above extension of HDE in modified gravity could rise theoretical questions, that deserve further studies.
In this paper we have presented a reconstruction of f (R) gravity in the framework of the holographic dark energy, based on the holographic principle. A correspondence has been established between the effective density, coming from the modified gravity, and the holographic density, where the infrared cut-off proposed in [61] for ΛCDM-type cosmologies is the EH Lagrangian with cosmological constant, and this solution was possible, as in the power law case, due to the non homogeneous term in the equation (2.15) represented by the holographic density. While in [28] , it was shown that to reconstruct the ΛCDM expansion requires the introduction of matter sources, in the present work this solution was obtained without introducing matter terms.
One of the problems of the method, used for the reconstruction of some important cosmic histories, is the fact that the obtained f (R) models are given by very complicated analytical expressions, and its complexity make them of little use for further analysis. In the reconstruction of the Chaplygin gas cosmology presented here, it was not possible to find an exact analytical solution, but however, under a reasonable approximation as shown in Eq. (3.35), it was found that the particular solution is given by simple functions of R as seen from (3.38), (3.39 ). An important fact of this solution is that, as in the previous cases, the general relativity term emerges naturally from the reconstruction and the model is free of ghosts and tachyonic modes. In fact one can consider a family of similar models as proposed in (3.40) which pass the test of no-ghosts and stability. Both solution (3.39) and its modification given by (3.40) , are interesting by themselves and deserve further analysis, since they are related with the Chaplygin gas cosmology that unifies the early time matter dominance with late accelerated expansion. An important fact of the reconstructed f (R) models, for the cosmic histories considered here, is that all the reconstructed Lagrangians contain the EH term, maintaining the general relativity limit. These few examples reveal the potential and richness of the modified gravity in its connection with some facts of the holographic principle (that trace back to quantum gravity effects), that can be applied to the reconstruction of relevant cosmic histories.
